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1 Introduction

It is well known that the outcomes of a duopoly market vary when competition

takes different forms: Bertrand, Cournot, joint-profit-maximization (JPM), Cournot-

Stackelberg (C-S) and Bertrand-Stackelberg (B-S). Indeed, comparative studies of these

different market structures have a long history in the economics literature. In the case of

symmetric homogeneous duopolists, it was well established that Bertrand (1883)’s model

predicts a lower price and a higher output than Cournot (1838)’s model (see Levitan and

Shubik (1971)).

In the 1970’s and 1980’s, these comparisons were extended to contemplate for the

cases of asymmetric firms, differentiated products, as well as more general functional

forms. For instance, allowing non-linear demand and costs, Hathaway and Rickard

(1979) and Cheng (1985) showed that at least one firm’s output (price) must be higher

(lower) under Bertrand duopoly than under Cournot. In asymmetric linear duopoly,

Singh and Vives (1984) obtained more definite results: both firms’ outputs (prices) are

higher (lower) in Bertrand equilibrium than in Cournot. Furthermore, Vives (1985)

and Okuguchi (1987) found that in Cournot oligopoly with substitute goods prices are

always higher. The comparison was later extended to sequential Stackelberg games.

Anderson and Engers (1992) showed that with symmetric firms the Cournot-Stackelberg

equilibrium price is lower, and the output is higher than those in Cournot equilibrium.

With symmetric firms but non-linear demand, Dastidar (2004) found that the Bertrand-

Stackelberg market is generally, but not always, more competitive than the Cournot-

Stackelberg. Last but not least, the JPM market structure is commonly considered to be

the least competitive one. For, it often results in lower outputs and higher prices than

the other four market structures, though, this is not necessarily the case in asymmetric

duopolies.

It is clear that, under different model specifications, several pair wise market

comparisons were done, though, some seem to have been overlooked. Evidently then,

no comparison has been comprehensive enough as to take account of the five market

structures.

The first aim of the present paper is to do this comparison. With linear demand

and cost functions we not only find pair wise price/output orders between the markets,
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but a clear price (output) ranking for the five market structures if goods are substitutes

(complements).

The second aim of the paper is to find a single framework which is able to generate

all these rankings. Note that, in addition of considering asymmetric duopolies, the five

market structures differ in three aspects: i) sequential vs. simultaneous moves; ii) price

vs. quantity competition; and iii) cooperative vs. non-cooperative equilibrium. Given

this diversity, it is clearly difficult to find a single framework able to generate the above

rankings. Interestingly, we show that the conjectural variation (CV ) is suitable for this

task. That is, we can explain the output or price levels by the level of the CV the

duopolies have.

Since its introduction by Bowley (1924), the literature on CV was developed along

a separate line from the market structure comparisons we discussed earlier.1 Yet, it

is known that in symmetric Cournot oligopolies, CV can generate the entire range of

outcomes between Bertrand and JPM — see Fama and Laffer (1972), Kamien (1975) and

Anderson (1977). More general relations have been proposed recently. For instance, in

the context of a symmetric Bertrand duopoly model, Pfaffermayr (1999) argues that,

under optimal punishment strategies, CV can be interpreted as a collusive behavior;

covering the full range of possible outcomes from Bertrand equilibrium to JPM. However,

these isolated findings are far from showing that the CV can generate clear price and

output rankings for the five different market structures. Thus, our findings turn out to

be an important contribution.

Moreover, the mentioned relation between CV and the outcomes of five ‘discrete’

market structures, takes us to the following extension. The exploration of a ’continuous’

relation between CV and market competitiveness (in terms of outputs, prices, consumer

surplus as well as social welfare) under both quantity and price setting duopolies.

The importance of such relation has been broadly recognized by the literature.

1The acceptance of the CV concept, first named by Frisch (1933), is not without debate. For

discussions about its rationality and consistency see Boyer (1981), Capozza and Van Order (1980),

Farley (1980), Holt (1980), Laitner (1980), Bresnahan (1981), Perry (1982), Boyer and Moreaux (1983),

Kamien and Schwartz (1983), McMillan (1982), Robson (1983) and Ulph (1983). The empirical evidence

of CV’s behavior can be found in Iwata (1974), Appelbaum (1979), Gollop and Robers (1979), Just and

Chern (1980), Kolstad and Wolak (1986). Experimental studies by Dolbear et al. (1968) also support

the finding of non-zero conjectural variations.
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The main conclusion has been that, by creating tacit collusion, the CV leads to less

competitive outcomes. For instance, in a symmetric linear demand Cournot duopoly

with substitute goods, Anderson (1977) claimed that higher CV in quantities tends to

increase the equilibrium price. In a non-linear but symmetric Cournot duopoly with

homogeneous goods, Kamien and Schwartz (1983) also found that a higher CV leads to

lower outputs and higher prices. In a linear symmetric duopoly with homogeneous goods,

Kolstad and Wolak (1986) proved that an increase in a firm’s CV leads to a reduction

in its own output, although it raises its rival’s one.

It is clear that the focus on symmetric Cournot duopoly has been a distinctive feature

of this literature and so the price competition case has not been considered. Yet, three

other aspects still remain unexplored: complement goods as well as asymmetric and

non-linear duopolies.

The filling of these gaps becomes the third aim of the present paper. Thus, we look

at the relation between CV and market competitiveness in a general non-linear duopoly

model. We get some interesting findings. For instance, we show that the accuracy of

some of the literature’s results may very much depend on the type of competition, i.e.,

in quantities or prices.

The next section solves the equilibrium prices and outputs for the five market

structures. Section 3 looks at the existence of price and output orders (and in some

cases whole rankings) between these five market structures. Section 4 explains these

rankings by the levels of CV associated with each market structure. In section 5 we

evaluate the general impact of CV under both quantity and price setting duopolies and

discuss policy implications. Section 6 concludes the paper.

2 Model

In the present section we start with a linear duopoly model. We assume the representative

consumer has a quadratic utility function: u = x0+a1x1+a2x2−0.5(b1x21+b2x22+2rx1x2),

where x1 and x2 are the duopoly outputs; x0 is a numeraire good and parameters a1, a2,

b1, b2 > 0. We assume b1b2 > r2, so the utility function is strictly concave in x1 and x2.

Given the two goods’ prices, p1 and p2, the consumer maximizes her utility subject to a

budget constraint x0 + p1x1 + p2x2 ≤ m, where m is the consumer’s income. Denoting
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i, j = 1, 2 for i 6= j, when m is sufficiently higher her utility maximization yields the

following inverse and direct demand functions:

pi = ai − bixi − rxj , (1)

xi =
bj(ai − pi)− r(aj − pj)

b1b2 − r2
. (2)

Each firm i has a constant marginal cost ci < ai, and its profit function is πi =

(pi − ci)xi. We consider five market structures: Cournot, Bertrand, JPM, Cournot-

Stackelberg (C-S) and Bertrand-Stackelberg (B-S). Without loss of generality, we let

firms 1 and 2 be the leader and the follower respectively in any Stackelberg game.

To make our comparison of the five market structures meaningful, we need to

ensure that in every market equilibrium both firms produce positive outputs and all

equilibrium prices are higher than the marginal costs. This is guaranteed when goods

are complements, but when goods are substitutes we need the following assumption

Assumption 1: bj(ai − ci)− r(aj − cj) ≥ 0.

This is equivalent to assume that the JPM outputs are positive, what ensures that

in every market equilibrium both firms produce positive outputs (this can be verified

by (4a) - (4g) below). Interestingly, assumption (1) is exactly identical as the condition

pointed out by Amir and Jin (2001) as a necessary one for Singh and Vives (1984)’s

result to hold; i.e., Bertrand outputs are higher than Cournot. Hence it is needed for a

clear ranking of outputs or prices.

In order to solve the equilibrium prices and outputs in the five duopoly markets

structures we use the following first order conditions

Cournot : ai − ci − 2xi − rxj = 0,

Bertrand : bjai − raj + bjci − 2bjpi + rpj = 0,

JPM : bjai − raj + bjci − rcj − 2bjpi + 2rpj = 0,

C-S leader : a1 − c1 − 2x1 − rx2 + 0.5r
2x1 = 0,

C-S follower : a2 − c2 − 2x2 − rx1 = 0,

B-S leader : b2a1 − ra2 + b2c1 − 2b2p1 + rp2 + 0.5r
2(p1 − c1) = 0,

B − S follower : b1a2 − ra1 + b1c2 − 2b1p2 + rp1 = 0.
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From these first-order conditions and the demand functions (1) and (2), we can solve

for the equilibrium prices and outputs in the five markets. For notational simplicity

let the upper-scripts C, B, CS, BS and J stand for Cournot, Bertrand, Cournot-

Stackelberg, Bertrand-Stackelberg and JPM respectively and recall that the subscripts 1

and 2 denote the leader and follower in Cournot-Stackelberg and Bertrand-Stackelberg

cases. Then, we can write the equilibrium prices for each of the market structures as:

pCi = ci +
bi[2bj(ai − ci)− r(aj − cj)]

4b1b2 − r2
, (3a)

pBi = ci +

¡
2b1b2 − r2

¢
(ai − ci)− rbi(aj − cj)

4b1b2 − r2
, (3b)

pJi = ci +
1

2
(ai − ci), (3c)

pCS1 = c1 +
2b2(a1 − c1)− r(a2 − c2)

4b2
, (3d)

pCS2 = c2 +

¡
4b1b2 − r2

¢
(a2 − c2)− 2b2r(a1 − c1)

4 (2b1b2 − r2)
, (3e)

pBS1 = c1 +
(2b1b2 − r2)(a1 − c1)− rb1(a2 − c2)

2 (2b1b2 − r2)
, (3f)

pBS2 = c2 +
b1
¡
4b1b2 − 3r2

¢
(a2 − c2)− r

¡
2b1b2 − r2

¢
(a1 − c1)

4b1 (2b1b2 − r2)
, (3g)

and the equilibrium quantities as

xCi =
2bj(ai − ci)− r(aj − cj)

4b1b2 − r2
, (4a)

xBi =
bj [
¡
2b1b2 − r2

¢
(ai − ci)− rbi(aj − cj)]

(b1b2 − r2)(4b1b2 − r2)
, (4b)

xJi =
bj(ai − ci)− r(aj − cj)

2(b1b2 − r2)
, (4c)

xCS1 =
2b2(a1 − c1)− r(a2 − c2)

2(2b1b2 − r2)
, (4d)

xCS2 =
(4b1b2 − r2)(a2 − c2)− 2rb2(a1 − c1)

4b2(2b1b2 − r2)
, (4e)

xBS1 =
(2b1b2 − r2)(a1 − c1)− rb1(a2 − c2)

4b1 (b1b2 − r2)
, (4f)

xBS2 =
b1
¡
4b1b2 − 3r2

¢
(a2 − c2)− r

¡
2b1b2 − r2

¢
(a1 − c1)

4(b1b2 − r2) (2b1b2 − r2)
. (4g)

It is easy to check that as we already claimed assumption (1) guarantees that all the

equilibrium outputs are positive and all equilibrium prices are higher than the marginal

costs.
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3 Price and output orders

In this section we look at the existence of pair wise output (price) orders between the

different market structures. When comparing the equilibrium outputs and prices we are

looking for results which are valid for all possible values of the parameters a1, a2, c1, c2,

b1, b2, and r subject to the conditions assumed earlier. We will consider the substitute

and complement goods cases separately.

3.1 Substitute Goods (r ≥ 0)

(i)Output comparison: Given that we have five markets, there are 10 possible pair wise

market comparisons. Using assumption (1) and expression (4), we find three different

outcomes.

Case A: Both firms’ outputs can be ordered in the same direction. For instance

xCi ≤ xBi , x
CS
i , xBSi and xJi ≤ xBi , x

BS
i .

Case B : Two firms’ outputs can be ordered, but in the opposite directions. For

instance xBS1 ≤ xCS1 but xCS2 ≤ xBS2 , and xBS1 ≤ xB1 but x
B
2 ≤ xBS2 .

Case C : At least one firm’s outputs cannot be ordered. This includes JPM vs.

Cournot, C-S, and Bertrand vs. C-S.2

(ii)Price comparison: Contrary to output comparison, the price comparison always

leads to case A, not B or C. Using assumption (1) and expression (3) we get

Proposition 1: When goods are substitutes, there is a clear price ranking for the

five market structures:

pJi ≥ pCi ≥ pCSi ≥ pBSi ≥ pBi . (5)

Notice that this price ranking exists whether firm 1, 2 or both are considered.

Moreover, As lower prices make consumers better off, the ranking for consumer surpluses

is exactly the opposite to the one in (5). However, a complete ranking for the social welfare

cannot be obtained. For instance, when bi = 1, ci = 0, r = 1/2, a1 = 1 and a2 = 2, the

social welfare is slightly lower in Bertrand than in B-S.

2For instance, when bi = 1, ci = 0, r = 1/2, ai = 1, we get xJi = 1/3, x
C
i = 2/5, x

B
i = 4/9, x

CS
1 = 3/7

and xCS2 = 11/28, which implies xJ2 < xC2 , x
J
2 < xCS2 and xCS1 < xB1 . However, if we keep all parameters

except for a1 = 2, we get xC2 = 14/15 < xJ2 = 1. If we let a1 = 1/2, we have x
CS
2 = 13/28 < xJ2 = 1/2,

xCS1 = 2/7 > xB1 = 2/15.
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3.2 Complement Goods (r < 0)

(i) Price comparison: When goods are complements, 10 possible pair wise market

comparisons in prices lead to three different outcomes.

Case A: Both firms’ prices can be ordered in the same direction, e.g., pBSi ≤ pCi ;

pBi ≤ pCi , p
J
i ≤ pCi , p

B
i ≤ pCSi and pJi ≤ pCSi .

Case B : Two firms’ prices can be ordered, but in the opposite directions. For instance,

pCS1 ≤ pBS1 , but pBS2 ≤ pCS2 ; pCS1 ≤ pC1 , but p
C
2 ≤ pCS2 ; and pB1 ≤ pBS1 but pBS2 ≤ pB2 .

Case C : At least one firm’s prices cannot be ordered. This happens for JPM vs.

Bertrand and JPM vs. B-S3.

(ii) Output comparison: Contrary to price comparison, the output comparison

always leads to case A. Using assumption (1), and expression (4) we get

Proposition 2: When goods are complements, there is a clear output ranking for

the five market structures:

xJi ≥ xBi ≥ xBSi ≥ xCSi ≥ xCi . (6)

Again, notice that this output ranking exists whether firm 1, 2 or both are considered.

Furthermore, as outputs can be ranked, so is the social welfare (SW ). The derivative of

SW = u(x)− c0x with respect to the output vector x is u0(x)− c = p− c. When prices

are higher than marginal costs, which is the case for all five markets, higher outputs

guarantee higher social welfare. Hence we have a clear welfare ranking identical to that

of outputs. However, a clear ranking for consumer surplus cannot be obtained. For

instance, when bi = 1, ci = 0, r = −1, a1 = 1 and a2 = 2, the consumer surplus is higher

in Cournot than in C-S.

It seems apparent that the output and price rankings in expression (5) and (6) need

to be explained. This is done in the following section, where we make use of CV and the

concept of strategic complementarity.

3For instance, when bi = 1, ci = 0, r = −1/2, ai = 1, we get pJ1 = 1/2, pBi = 3/5, and pBS2 = 33/56,

which implies pJ1 < pB1 and pJ2 < pBS2 . However, if we make a change of a1 = 5, we have pJ1 = 5/2 >

pB1 = 37/15 and pJ1 = 5/2 > pB1 = 37/15. If we let a2 = 5, we have p
J
2 = 5/2 > pBS2 = 137/56.
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4 Ranking and CV

As we already mentioned in the introduction, the considered five market structures differ

in three aspects: i) sequential vs. simultaneous moves; ii) price vs. quantity competition;

and iii) cooperative vs. non-cooperative equilibrium. Given this diversity, it is clearly

difficult to find a single framework able to generate all the aforementioned equilibrium

outcomes. Interestingly, we find that the CV is suitable for this task. In order to show

that we will once again give separate consideration to the substitute and complement

goods cases.

4.1 Substitute Goods (r ≥ 0).

We first post that each firm i has a CV , σi = ∂pj/∂pi, on its rival’s response to its own

price change. Given that each firm i is a profit maximizer its first-order condition is

xi −
bj (pi − ci)

b1b2 − r2
+

rσi (pi − ci)

b1b2 − r2
= 0. (7)

From (7) we can solve the level of CV σi as a function of firm i’s price and output.

σi =
1

r

µ
bj −

(b1b2 − r2)xi
pi − ci

¶
. (8)

By replacing the equilibrium output and price associated with each market structure

into (8) we can find its corresponding value for σi. Obviously, for Bertrand competition,

we have σBi = 0. Using (3a) and (4a) we find that the CV in a Cournot market is

σCi = r/bi. For JPM we use (3c) and (4c) to get σJi = (aj − cj)/(ai − ci). For Bertrand-

Stackelberg (3f) and (4f) imply σBS1 = r/2b1 and σBS2 = 0. For Cournot-Stackelberg (3d)

and (4d) imply σCS1 = rb2/(2b1b2−r2), and (3e) and (4e) imply σCS2 = r/b2. Comparing

these CV s we find the following ranking:

σJi ≥ σCi ≥ σCSi ≥ σBSi ≥ σBi . (9)

Thus, the following proposition applies.

Proposition 3: the ranking of CV s in (9) is identical to that of the prices in (5).

This ranking is identical to that of prices in (5). To explain this identity let us write

firm i’ first-order condition as bjai − 2bjpi + r (aj − pj) + bjci + rσi (pi − ci) = 0. Then,

firm i’s response function is

pi = ci +
bj(ai − ci)− r(aj − pj)

2bj − rσi
.
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For r ≥ 0 prices are strategic complements and so the response function is upward

sloping and shifts upwards with any rise in σi. An increase in both σ1 and σ2 results

in higher equilibrium prices (see Figure 1). However, this conclusion is not valid when

prices are strategic substitutes. As shown in Figure 2, if r < 0 the response functions

are downward sloping. A rise in σi shifts the reaction curves downwards, what makes

one firm’s price lower, but not necessarily both.

4.2 Complement Goods (r < 0)

Let us now explain the existence of an output ranking when goods are complements.

Recall from the substitute goods case that strategic complementarity was needed to

explain the ranking. Now that r < 0 outputs are strategic complements, but prices are

not. Hence, we need to consider quantity competition with CV . When firm i sets its

quantity it anticipates its rival’s response to its own output change. We denote this CV

by θi = ∂xj/∂xi. To maximize its own profit, firm i0s first-order condition is:

pi − ci − bixi − rθixi = 0. (10)

In order to explain the output ranking we only need the ranking of θi and not their

specific values. The simples way of obtaining θi’ ranking is by using σi’s ranking. This

is possible because of the existence of a relation between the two sets of CV s. For, the

CV in quantities generates the same equilibrium outcome associated with certain CV in

prices.4 Combining (10) with (8) we find that the relation between θi and σi is

θi =
1

r

µ
b1b2 − r2

bj − rσi
− bi

¶
.

From the previous expression it is obviously, θi always increases in σi, thus its ranking

must be identical to that of σi. It is straightforward to check that when r < 0 the ranking

of σi is σJi ≥ σBi ≥ σBSi ≥ σCSi ≥ σCi and so

θJi ≥ θBi ≥ θBSi ≥ θCSi ≥ θCi . (11)

Thus, the following proposition applies.

Proposition 4: the ranking of CV s in (11) is identical to that of the outputs in (6).
4 In a symmetric oligopoly framework, this same procedure is used by Kamien and Schwartz (1983).
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Thus, it is possible to use θi’s ranking to explain the output ranking. From the

first-order condition (10) we solve for firm i’s response function:

xi =
ai − ci − rxj
2bi + rθi

.

For r < 0, outputs are strategic complements what means that firm i0s response

function is upward sloping and shifts upwards when θi rises. An increase in both θ1 and

θ2 result in higher equilibrium outputs, which is similar to the case of price competition

with substitute goods (shown in Figure 1). Thus, the output ranking must be explained

by that of θi. Again, this argument does not work when r > 0. For, the reaction curve

becomes downward sloping and shifts downwards with any rise in θi. As shown in figure

2, a rise in θi results in a lower output for one firm, but not necessarily both.

When the levels of CV can be ranked between two markets, the strategic

complementary decision variable (price or output) can also be ranked. This is the

case whether the goods are substitutes or complements. Thus, in the context of the

five considered markets, the level of CV is a good indicator of market competitiveness.

Consequently, a natural puzzle posited by this finding is the possible use of the CV

level as a continuous indicator of competition, instead of just five markets. This issue is

addressed in the next section.

5 Impact of CV on market competitiveness

In the previous section we have looked at the relation between the CV and prices and

outputs. The existence of such relation, which was only focused on five specific market

structures, takes us to the following extension. The finding of a more general relation

between CV and market competitiveness (in terms of outputs, prices, consumer surplus

as well as social welfare) under both quantity and price setting non-linear duopolies.

The importance of such relation has been broadly recognized by the literature. The

main conclusion has been that, by creating tacit collusion, CV leads to less competitive

outcomes. For instance, in a symmetric linear demand Cournot duopoly with substitute

goods, Anderson (1977) showed that higher CV in quantities tends to increase the

equilibrium price. In a non-linear but symmetric Cournot duopoly with homogeneous

goods, Kamien and Schwartz (1983) found that a higher CV leads to lower outputs and
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higher prices. In a linear symmetric duopoly with homogeneous goods, Kolstad and

Wolak (1986) proved that an increase in a firm’s CV leads to a reduction in its own

output, although it raises its rival’s one.

It is clear that the focus on Cournot duopoly has been a distinctive feature of this

literature and so the price competition case has not been considered. Yet, three other

aspects still remain unexplored: complement goods as well as asymmetric and non-linear

duopolies. The aim of the present section is to fill these gaps, which leads to some

interesting results. For instance, we show that some of the literature’s results may very

much depend on the type of competition, i.e., in quantities or prices.

We assume the representative consumer non-linear utility function

u(x) = x0 + v(x), (12)

where x0 is a numeraire good and v(x) is strictly concave in the vector of duopoly goods,

x. Firm 1’s cost function, c1(x1), is continuously differentiable and the social welfare

function is

SW = u(x)− C1(x1)−C2(x2). (13)

The cases of quantity and price competition will be considered separately. The former,

which was the main focus of the previous literature, is analyzed first.

5.1 Quantity competition

Our first aim is to show that, under certain conditions and still allowing for heterogeneous

firms, proposition 4’s identity between the output and CV ’s rankings can be extended

to any quantity setting non-linear duopoly. Moreover, by so doing we will be extending

some results about the sign of the CV as well as its effect on social welfare.

Thus, let π1 = p1x1 − C1(x1) and θ1 = ∂x2/∂x1 be firm 1’s profit function and CV

respectively.5 Then firm 1’s first-order condition is

dπ1
dx1

= p1 + x1
∂p1
∂x1

+ x1θ1
∂p1
∂x2
− c1(x1) = 0, (14)

5For simplicity and given that the sign of CV1 is equal to the sign of CV2, we will only reffer to CV1

in all section 5.

12



where at the time of calculating dπ1/dx1, the impact of θ1 (i.e., x1θ1
∂p1
∂x2
) has been taken

into account. To ensure the existence of an interior solution, the second-order condition,

d2πi/dx
2
i < 0, (15)

must be satisfied for i = 1, 2; where again the impact from θ1 has been taken into

account. In order to get clear results, we further assume that the equilibrium is locally

stable such that, given any small deviation, firms following their best responses to each

other’s output choices will return to the equilibrium. This holds if

d2π1
dx21

d2π2
dx22

>
∂2π1

∂x1∂x1

∂2π2
∂x1∂x2

, (16)

where ∂2π1/∂x1∂x2 is defined as the derivative of dπ1/dx1 with respect to x2 given

x1. Moreover, ∂2π1/∂x1∂x2 > 0 (< 0) implies that outputs are strategic complements

(substitutes). For instance, condition (16) holds in the linear Cournot equilibrium

(θ1 = 0). Then, the following proposition generalizes Kolstad and Wolak (1986)’s result

to a non-linear and asymmetric case.

Proposition 5: In a quantity competition duopoly with

CV , if d[x2(∂p2/∂x1)]/dx2 > 0 then ∂x2/∂θ1 > 0 always, and ∂x1/∂θ1 > 0 (< 0) if

and only if goods are complements (substitutes).

Proof: see Appendix A.

The condition d[x2(∂p2/∂x1)]/dx2 > 0, which requires ∂p2/∂x1 not to dramatically

fall in x1 and always holds in the linear case of section 2 (because ∂p2/∂x1 is constant),

ensures that the output decisions are strategic complements (substitutes) if and only if

goods are complements (substitutes). Moreover, an obvious implication of proposition 5

is stated in the following corollary.

Corollary 1: given d[x2(∂p2/∂x1)]/dx2 > 0, proposition 4’s identity between the

output and CV rankings also applies for any quantity setting non-linear duopoly.

Having determined the effect that θ1 has on output levels we move on now to assess

its impact on social welfare.6 In a symmetric setting this have been done by Anderson

(1977), Kamien and Schwartz (1983) and Kolstad and Wolak (1986). Remarkably,

though, asymmetric duopoly has not been considered by these studies, which also

6The impact that θ1 has on the consumer surplus cannot be clearly determined. For, as we saw in

section 3.2 an output ranking does not imply a ranking for consumer surplus.
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overlooked the issue of whether θ1 should be positive or negative. Both matters will

be considered in this section.

Let us focus on the CV ’s sign. Recall that the CV in the the Cournot equilibrium

is equal to zero. Moreover, bear in mind that in the CV approach there is no difference

between one firm’s CV and the ‘planned’ response by the other firm. That is, firms have

the right belief. Then, we posit that the sign of CV1 must satisfy the following three

properties.

Property 1: it must be in line with the direction dictated by firm 2’s reaction

function. That is, if ∂2π2
∂υ2υ1

> 0 (< 0) then CV1 > 0 (< 0)); where CV1 = θ1 =
∂υ2
∂υ1

& υ1 = x1, υ2 = x2 (CV1 = σ1 =
∂υ2
∂υ1

& υ1 = p1, υ2 = p2) for quantity (price)

competition.

Property 2: the sign of CV1 is the one resulting in higher profits for firm 2.

Property 3: the sign of CV1 is the one resulting in higher profits for firm 1.

Even though the CV approach is a static one, it is clear that whenever the sign of

CV1 satisfies properties (1) to (3), firm 1 does not have incentives to take any action in

order to alter the direction of firm 2’s response and firm 2 does not have incentives to

take any action in order to alter the sign of firm 1’s belief; i.e., CV1. Thus, the static

characteristic of the CV approach is not a problem. Consequently, it can be said that

properties (1) to (3) determine the sign of CV1. Finally, it is obvious that if one property

applies for a particular CV1’s sign, it does not apply for the opposite sign.

The following two propositions and two corollaries respectively deal with the

complement and substitute goods cases.

Proposition 6 (Cournot duopoly with complementary goods): if

d[x2(∂p2/∂x1)]/dx2 > 0 then θ1 > 0 satisfies properties (1) to (3) and, if dpi/dxi < 0 for

i = 1, 2, it results in a higher welfare, i.e., ∂SW/∂θ1 < 0.

Proof: see Appendix B.

Corollary 2: In a linear Cournot duopoly proposition 6 always holds.

Proof : see appendix C.

Proposition 7 (Cournot duopoly with substitute goods): if

d[x1(∂p1/∂x2)]/dx1 < 0 then θ1 < 0 satisfies properties (1) and (2), but because it

hampers firm 2 it does not satisfy property (3). Moreover, if [p1 − c1(x1)](∂
2π2/∂x

2
2) <
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[p2 − c2(x2)](∂
2π2/∂x1∂x2), θ1 < 0 would result in higher welfare, i.e., ∂SW/∂θ1 < 0.

Proof: see appendix D.

Corollary 3: In a linear cournot duopoly with complements, θ1 < 0 satisfies

properties (1) and (2) always, but property (3) still is not satisfied. Moreover, θ1 < 0

would always result in higher welfare.

Proof: see appendix E.

The welfare implications of proposition 7 and corollary 3 are conditional on θ1 < 0.

We know that, because property (3) is not satisfied, θ1 < 0 is not guaranteed. However,

some justification can be provided showing that a negative θ1 seems to be more likely than

a positive one. That is, a negative θ1 satisfies properties (1) and (2), while a positive one

would only satisfy property (3). In the case that this justification is convincing enough,

CV would be good for welfare. Moreover, in Anderson (1977) and Kamien and Schwartz

(1983) models with symmetric firms the condition in the second part of proposition 7

holds. Thus, their claim that ∂SW/∂θ1 < 0 is confirmed by our result.

Summarizing, in Cournot duopoly, the earlier literature sees CV as bad for welfare.

On the contrary, we find that, when goods are complements, CV is good for welfare and

when goods are substitutes it seems more likely to be good rather than bad.

5.2 Price competition

The case of the CV under price competition has received less attention than the one

under quantity competition. Then, we do not know, for instance, if the results obtained

under Cournot competition also apply in the Bertrand case. Interestingly, it seems more

reasonable to think that the CV impact on the decision variable and so on social welfare

under price competition is probably more common and significant than the one under

quantity competition. For, prices are more observable by firms and easier to change in

response to other firms’ prices.

Again, our first aim is to show that, under certain conditions and still allowing for

heterogeneous firms, proposition 3’s identity between the price and CV rankings can be

extended to any price setting non-linear duopoly. Thus, let π1 = p1x1 − C1(x1) and

σ1 = ∂p2/∂p1 be firm 1’s profit function and CV respectively. Then firm 1’s first-order
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condition is
dπ1
dp1

= x1 + p1
∂x1
∂p1

+ p1σ1
∂x1
∂p2
− c1(x1)

∂x1
∂p1

= 0.

To ensure the existence of an interior solution, the second-order condition,

d2πi/dp
2
i < 0, (17)

must be satisfied for i = 1, 2. In order to get clear results, we further assume that the

equilibrium is locally stable, what holds if

d2π1
dp21

d2π2
dp22

>
∂2π1
∂p1∂p1

∂2π2
∂p1∂p2

, (18)

where ∂2π1/∂p1∂p2 is defined as the derivative of dπ1/dp1 with respect to p2 given

p1. Moreover, ∂2π1/∂p1∂p2 > 0 (< 0) implies that prices are strategic complements

(substitutes). The condition (18) obviously holds in the linear Bertrand equilibrium

(σ1 = 0). Then, we can write the following proposition.

Proposition 8: In a price competition duopoly with CV , if d[p2(∂x2/∂p1)]/dp2 > 0

and ∂(c1(x1) |∂x1/∂p2|)/∂p1 ≤ 0 then ∂p2/∂σ1 > 0 always, and ∂p1/∂σ1 > 0 (< 0) if

and only if goods are substitutes (complements).

Proof: see Appendix F.

The conditions d[p2(∂x2/∂p1)]/dp2 > 0 and ∂(c1(x1) |∂x1/∂p2|)/∂p1 ≤ 0, which

require ∂x2/∂p1 not to dramatically fall in p1 and always hold in the linear case of

section 2 (because ∂x2/∂p1 is constant), ensure that the price decisions are strategic

complements (substitutes) if and only if goods are substitutes (complements). Moreover,

an obvious implication of proposition 8 is stated in the following corollary.

Corollary 4: given d[p2(∂x2/∂p1)]/dp2 > 0 and ∂(c1(x1) |∂x1/∂p2|)/∂p1 ≤ 0,

proposition 3’s identity between the price and CV rankings also applies for any price

setting non-linear duopoly.

Having determined the effect that σ1 has on output levels we move on now to assess

its impact on consumer surplus. The impact that σ1 has on the social welfare cannot be

clearly determined. For, as we saw in section ?? a price ranking does not imply a ranking

for social welfare. Moreover, we also look at the sign of CV for which we make use of

properties (1), (2) and (3) of the previous subsection. The following two propositions

respectively deal with the substitute and complement cases.
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Proposition 9 (Bertrand duopoly with substitute goods): if

d[p2(∂x2/∂p1)]/dp2 > 0 and ∂[c2(x2)(∂x2/∂p1)]/∂p2 ≤ 0 then σ1 > 0 satisfies properties

(1) to (3) and it results in a lower consumer surplus i.e., ∂CS/∂σ1 < 0.

Proof: see Appendix G.

Proposition 10 (Bertrand duopoly with complement goods): if

d[p2(∂x2/∂p1)]/dp2 < 0 and ∂[c2(x2)(∂x2/∂p1)]/∂p2 ≥ 0 then: a) σ1 < 0 satisfies

properties (1) to (2), but because it hampers firm 2 it does not satisfy property (3);

and b) σ1 < 0 would result in lower consumer surplus than a linear Bertrand duopoly

equilibrium, i.e., ∂CS/∂σ1 < 0.

Proof: see Appendix H.

Similar to the case of proposition 7, the consumer surplus implication of proposition

10 is conditional on σ1 < 0. Therefore, the same justification applies for the belief that

a negative σ1 appears as more likely than a positive one.

6 Final remarks

The present paper deals with three issues. First, when goods are substitutes

(complements) a clear price (output) ranking has been obtained among five linear

duopoly structures (i.e., Cournot, Bertrand, joint profit maximization, Cournot-

Stackelberg, and Bertrand-Stackelberg), where we have allowed for both asymmetric

demand and cost functions. Second, we found that the ranking of CV associated with

these five duopoly markets can explain both the price and output rankings. Third, the

paper reveals a ’continuous’ relation between CV and market competitiveness (in terms

of outputs, prices, consumer surplus as well as social welfare) in a more general non-linear

duopoly. In particular, CV in prices ‘tends’ to hurt consumers, while CV in quantities

‘tends’ to be good for social welfare. Consequently, given that the existence of firms CV

is more likely in an environment where firms can create reputation, the present paper’s

policy recommendation seems to be in the direction of encouraging the establishment of

firms’ reputation in quantity responses, while discouraging it in price responses.

The suitability of the CV approach for empirical estimation is well known. It would

be interesting then to see if the CV signs we have predicted for the different situations

are replicated in the real competition between firms. The same can be said for the
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prices, outputs, welfare, as well as, consumer surplus predictions. Further research along

these lines seems promising in terms of providing useful insights for competition policy.

Moreover, it is clear that the empirical testability of the predictions of the CV approach

along with its generality are the main advantages over more complex full-fledged dynamic

models, which empirical implementation proved to be much harder, as well as, limited

to very specific cases (Tirole 1998).

In addition to the empirical testing of our predictions, some theoretical issues are

also worth exploring. First, we recognize that, even though widely used in teaching as

well as in theoretical and empirical research, the linear model of section 2 is not devoid

of limitations. Thus, looking at the existence of price and output rankings (or orders) in

non-linear models emerge as a natural direction for further research. Second, while we

have considered duopoly markets, we acknowledge that the consideration of asymmetric

oligopolies is a second line for future investigation. Finally, although in section 5 we

restrict the sign of CV by requiring the satisfaction of some properties, we do not treat

it as an entirely endogenous variable. For, we only look at the sign of the CV and not

at its magnitude. This issue, usually known as the ‘consistency of CV ’, has been largely

studied in the literature. It may be worthwhile to reconsider this consistency in our

asymmetric models.
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Figure 1

The impact of CV on the equilibrium with upward sloping reaction curves
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Figure 2

The impact of CV on the equilibrium with downward sloping reaction curves
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Appendix A
Differentiating the first-order conditions, dπ1/dx1 = 0 and dπ2/dx2 = 0, with respect

to θ1 we get
d2π1
dx21

∂x1
∂θ1

+
∂2π1

∂x1∂x2

∂x2
∂θ1

+ x1
∂p1
∂x2

= 0, (A1)

d2π2
dx22

∂x2
∂θ1

+
∂2π2

∂x1∂x2

∂x1
∂θ1

= 0. (A2)

Let us now solve equations (A1) and (A2) for ∂x1/∂θ1 and ∂x2/∂θ1 respectively

∂x1
∂θ1

= −x1
d2π2
dx22

∂p1
∂x2

µ
d2π1
dx21

d2π2
dx22

− ∂2π1
∂x1∂x1

∂2π2
∂x1∂x2

¶−1
, (A3)

∂x2
∂θ1

= − ∂2π2
∂x1∂x2

∂x1
∂θ1

µ
d2π2
dx22

¶−1
. (A4)

Let us first look at the sign of (A3) (second part of proposition 5). From (15) and

(16) we get that:

Lemma 1: the sign of ∂x1/∂θ1 must be identical to that of ∂p1/∂x2, which is positive

if and only if goods are complements.

In order to look at the sign of (A4) (first part of proposition 5), let us begin with the

following lemma.

Lemma 2: given (15), the sign of (A4) is identical to that of (∂x1/∂θ1)(∂2π2/∂x1∂x2)

which, from lemma 1, we know is equivalent to the sign of (∂p1/∂x2) (∂2π2/∂x1∂x2).

To find the sign of ∂2π2/∂x1∂x2, notice that from 14 we have dπ2/dx2 = p2 +

x2(∂p1/∂x2) + x2θ2(∂p2/∂x1)− c2(x2) = 0. Differentiating it with respect to x1 we get

∂2π2
∂x1∂x2

=
∂p2
∂x1

+ x2

µ
∂2p2

∂x1∂x2
+ θ2

∂2p2
∂x21

¶
what, given that ∂2p2/∂x1∂x2 + θ2∂

2p2/∂x
2
1 = d(∂p2/∂x1)/dx2, can be written as

∂2π2
∂x1∂x2

= d[x2(∂p2/∂x1)]/dx2. (A5)

On the one hand, when goods are substitutes we know that ∂p2/∂x1 < 0 (and

∂p1/∂x2 < 0). Then, d[x2(∂p2/∂x1)]/dx2 = −d(x2 |∂p2/∂x1|)/dx2, which from

proposition 5’s assumption we know is negative. Thus, we know that (A5) must be

positive, which together with the fact that ∂p1/∂x2 < 0 result in, using lemma 2, (A4)

being positive (i.e., ∂x2/∂θ1 > 0).
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On the other hand, when goods are complements we know that ∂p2/∂x1 > 0 (and

∂p1/∂x2 > 0). Then, d[x2(∂p2/∂x1)]/dx2 = d(x2 |∂p2/∂x1|)/dx2, which from proposition

5’s assumption we know is positive. Thus, we know, once again, that (A5) must be

positive, which together with the fact that ∂p1/∂x2 > 0 result in, using lemma 2, (A4)

being positive (i.e., ∂x2/∂θ1 > 0).

Summarizing, we have shown that, whether the goods are substitutes or complements,

∂x2/∂θ1 > 0.

Appendix B
We first prove that properties (1), (2) and (3) are satisfied and only then move on

to show the welfare effect. From (A5) we know that d[x2(∂p2/∂x1)]/dx2 > 0 implies

∂2π2/∂x1∂x2 > 0, i.e., outputs are strategic complements. Thus,

Lemma 3: if d[x2(∂p2/∂x1)]/dx2 > 0 property (1) is satisfied if firm 2’s response to

∆x1 > 0 is to increase its output, i.e., θ1 = ∂x2/∂x1 > 0.

Satisfaction of property (2). There are two ways in which θ1 affects π1. On the one

hand, it affects x1 through the impact that the rise in x2 has on π1. Clearly, ∂x2/∂θ1 > 0

(from proposition 5) and θ1 = ∂x2/∂x1 > 0 (from lemma 3) imply that there must be

such an increase in x2 with respect to the case where θ1 = 0. Then, because goods are

complements we know that ∂π1/∂x2 > 0 and so π1 must go up. On the other hand, it

is possible in principle that when firm 1’s output changes due to a positive θ1, its profit

is affected as well. However, given that in equilibrium dπ1/dx1 = 0, we know from the

envelope theorem that firm 1’s output adjustment to θ1 does not affect its profit.

Satisfaction of property (3). There are two ways in which θ1 affects π2. On the one

hand, we know that ∂x1/∂θ1 > 0 (from proposition 5), θ1 > 0 (from lemma 3), and given

that goods are complements we also know that ∂π2/∂x1 > 0. Then, π2 must go up. On

the other hand, due to the envelope theorem, we have again that firm 2’s own output

adjustment to θ1 does not affect its profit.

Finally, let us evaluate the welfare effect. From (13) we get ∂SW/∂xi = ∂u(x)/∂xi−

ci(xi) = pi − ci(xi) for i = 1, 2 and using (14) we get pi − ci(xi) = −dpi/dxi. Then,

dpi/dxi < 0 implies ∂SW/∂xi > 0. Moreover, from proposition 5 we know that

∂x2/∂θ1 > 0 and, when goods are complements, ∂x1/∂θ1 > 0. Then, ∂SW/∂θ1 > 0.

Appendix C
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In a linear cournot duopoly with complements, properties (1) to (3) always hold in

proposition 6. For, in a linear cournot duopoly with complements d[x1(∂p1/∂x2)]/dx1 =

−r > 0 always.

Moreover, θ1 > 0 results in a higher welfare. We know that in proposition 6 a

requirement for this welfare result is dp1/dx1 < 0, but this is always the case in a linear

cournot duopoly with complements. For, from (1) and the fact that θ1 = dx2/dx1 we

have dp1/dx1 = − (b1 + rθ1) and from (10) we have that b1 + rθ1 = (p1 − c1) /x1 > 0.

Appendix D
We first prove the satisfaction of properties (1) and (2), non-satisfaction of property

(3), and finally show the welfare effect. From (A5) we know that d[x2(∂p2/∂x1)]/dx2 < 0

implies ∂2π2/∂x1∂x2 < 0, i.e., outputs are strategic substitutes. Thus,

Lemma 4: if d[x2(∂p2/∂x1)]/dx2 < 0 property (1) is satisfied if firm 2’s response to

∆x1 > 0 is to reduce its output, i.e., θ1 = ∂x2/∂x1 < 0.

Satisfaction of property (2). There are two ways in which θ1 affects π1. On the one

hand, it affects x1 through the impact that the fall in x2 has on π1. Clearly, ∂x2/∂θ1 > 0

(from proposition 5) and θ1 = ∂x2/∂x1 < 0 (from lemma 4) imply that there must

be such a fall in x2 with respect to the case where θ1 = 0. Then, because goods are

substitutes we know that ∂π1/∂x2 < 0 and so π1 must go up. On the other hand, it is

possible in principle that when firm 1’s output changes due to a positive θ1, its profit

is affected as well. However, given that in equilibrium dπ1/dx1 = 0, we know from the

envelope theorem that firm 1’s output adjustment to θ1 does not affect its profit.

Non-satisfaction of property (3). There are two ways in which θ1 affects π2. On the

one hand, we know that ∂x1/∂θ1 < 0 (from proposition 5), θ1 < 0 (from lemma 4), and

given that goods are substitutes we also know that ∂π2/∂x1 < 0. Then, π2 must fall.

On the other hand, due to the envelope theorem, we have again that firm 2’s own output

adjustment to θ1 does not affect its profit.

Finally, in evaluating the welfare effect we differentiate (13) with respect to θ1 to get

∂SW

∂θ1
=

∂SW

∂x1

∂x1
∂θ1

+
∂SW

∂x2

∂x2
∂θ1

. (D1)

From (13) we also get that ∂SW/∂xi = ∂u(x)/∂xi − ci(xi) = pi − ci(xi) for i = 1, 2.
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Then, replacing this and (A4) into (D1) and rearranging we get

∂SW

∂θ1
=

½
[p1 − c1(x1)]

d2π2
dx22

− [p2 − c2(x1)]
∂2π2

∂x1∂x2

¾
∂x1
∂θ1

µ
d2π2
dx22

¶−1
. (D2)

Moreover, we know that d2π2/dx22 > 0 and from proposition 5 we also know that

∂x1/∂θ1 > 0. Then, if [p1 − c1(x1)](∂
2π2/∂x

2
2) < [p2 − c2(x2)](∂

2π2/∂x1∂x2), we get

∂SW/∂θ1 < 0 in (D2).

Appendix E
In a linear cournot duopoly with complements, properties (1) and (2) always hold

in proposition 7. For ∂p1/∂x2 > 0 always, and so it is also always the case that

d[x1(∂p1/∂x2)]/dx1 < 0.

Let us show now that θ1 < 0 would result in a higher welfare. In order to prove this

we only need to show that in the linear Cournot duopoly proposition 7’s second condition,

[p1 − c1(x1)](∂
2π2/∂x

2
2) < [p2 − c2(x2)](∂

2π2/∂x1∂x2), always holds. In the linear case

we have d2π2/dx
2
2 = −2b2 and ∂2π2/∂x1∂x2 = −r. Replacing this and (3a) into

proposition 7’s second condition and rearranging we get 4b1b2b2(a1−c1)+b2r
2(a1−c1) >

4b1b2r(a2 − c2). Assumption 1 and the fact that b2r2(a1 − c1) > 0 guarantees that this

inequality always holds.

Appendix F
Differentiating the first-order conditions, dπ1/dp1 = 0 and dπ2/dp2 = 0, with respect

to σ1 we get
d2π1
dp21

∂p1
∂σ1

+
∂2π1
∂p1∂p2

∂p2
∂σ1

+ p1
∂x1
∂p2

= 0, (F1)

d2π2
dp22

∂p2
∂σ1

+
∂2π2
∂p1∂p2

∂p1
∂σ1

= 0. (F2)

Let us now solve equations (F1) and (F2) for ∂p1/∂σ1 and ∂p2/∂σ1 respectively

∂p1
∂σ1

= −p1
d2π2
dp22

∂x1
∂p2

µ
d2π1
dp21

d2π2
dp22

− ∂2π1
∂p1∂p1

∂2π2
∂p1∂p2

¶−1
, (F3)

∂p2
∂σ1

= − ∂2π2
∂p1∂p2

∂p1
∂σ1

µ
d2π2
dp22

¶−1
. (F4)

Let us first look at the sign of (F3) (second part of proposition 8). From (17) and

(18) we get that:
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Lemma 5: the sign of ∂p1/∂σ1 must be identical to that of ∂x1/∂p2, which is positive

if and only if goods are substitutes.

In order to look at the sign of (F4) (first part of proposition 8), let us begin with the

following lemma.

Lemma 6: given (17), the sign of (F4) is identical to that of (∂p1/∂σ1)(∂2π2/∂p1∂p2)

which, from lemma 5, we know is equivalent to the sign of (∂x1/∂p2)(∂2π2/∂p1∂p2).

We can get ∂2π2/∂p1∂p2 by differentiating dπ2/dp2 with respect to p1

∂2π2
∂p1∂p2

=

µ
∂x2
∂p1

+ p2
∂2x2
∂p1∂p2

+ p2σ2
∂2x2
∂p21

¶
−
µ
c2(x2)

∂2x2
∂p1∂p2

+ c22(x2)
∂x2
∂p1

∂x2
∂p2

¶
,

which can be rewritten as

∂2π2
∂p1∂p2

= (d[p2(∂x2/∂p1)]/dp2)− (∂[c2(x2)(∂x2/∂p1)]/∂p2) . (F5)

On the one hand, when goods are substitutes we know that ∂x2/∂p1 >

0 (and ∂x1/∂p2 > 0) and so d[p2(∂x2/∂p1)]/dp2 = d(p2 |∂x2/∂p1|)/dp2 and

∂[c2(x2)(∂x2/∂p1)]/∂p2 = ∂(c2(x2) |∂x2/∂p1|)/∂p2. Then, proposition 8’s assumptions

imply d[p2(∂x2/∂p1)]/dp2 > 0 and ∂[c2(x2)(∂x2/∂p1)]/∂p2 ≤ 0 and so (F5) must be

positive. This together with the fact that ∂x1/∂p2 > 0 result in, using lemma 6, (F4)

being positive (i.e., ∂p2/∂σ1 > 0).

On the other hand, when goods are complements we know that ∂x2/∂p1 <

0 (and ∂x1/∂p2 < 0) and so d[p2(∂x2/∂p1)]/dp2 = −d(p2 |∂x2/∂p1|)/dp2 and

∂[c2(x2)(∂x2/∂p1)]/∂p2 = −∂(c2(x2) |∂x2/∂p1|)/∂p2. Then, proposition 8’s assumptions

imply d[p2(∂x2/∂p1)]/dp2 < 0 and ∂[c2(x2)(∂x2/∂p1)]/∂p2 ≥ 0 and so (F5) must be

negative. This together with the fact that ∂x1/∂p2 < 0 result in, using lemma 6, (F4)

being positive (i.e., ∂p2/∂σ1 > 0).

Summarizing, we have shown that, whether the goods are substitutes or complements,

∂p2/∂σ1 > 0.

Appendix G
We first prove that properties (1), (2) and (3) are satisfied. From (F5) we know that

d[p2(∂x2/∂p1)]/dp2 > 0 and ∂[c2(x2)(∂x2/∂p1)]/∂p2 ≤ 0 imply ∂2π2/∂x1∂x2 > 0, i.e.,

outputs are strategic complements. Thus,

Lemma 7: if d[p2(∂x2/∂p1)]/dp2 > 0 and ∂[c2(x2)(∂x2/∂p1)]/∂p2 ≤ 0 property (1)

is satisfied if firm 2’s response to ∆p1 > 0 is to increase its price, i.e., σ1 = ∂p2/∂p1 > 0.
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Satisfaction of property (2). There are two ways in which σ1 affects π1. On the one

hand, it affects p1 through the impact that the rise in p2 has on π1. Clearly, ∂p2/∂σ1 > 0

(from proposition 8) and σ1 = ∂p2/∂p1 > 0 (from lemma 7) imply that there must be

such an increase in p2 with respect to the case where σ1 = 0. Then, because goods are

substitutes we know that ∂π1/∂p2 > 0 and so π1 must go up. On the other hand, it

is possible in principle that when firm 1’s price changes due to a positive σ1, its profit

is affected as well. However, given that in equilibrium dπ1/dp1 = 0, we know from the

envelope theorem that firm 1’s output adjustment to σ1 does not affect its profit.

Satisfaction of property (3). There are two ways in which σ1 affects π2. On the one

hand, we know that ∂p1/∂σ1 > 0 (from proposition 8), σ1 > 0 (from lemma 7), and

given that goods are substitutes we also know that ∂π2/∂p1 > 0. Then, π2 must go up.

On the other hand, due to the envelope theorem, we have again that firm 2’s own output

adjustment to σ1 does not affect its profit.

Finally, it is clear that a positive CV raises both firms’ prices compared with those

under Bertrand equilibrium. Hence, the existence of CV always makes consumers worse

off.

Appendix H
We first prove the satisfaction of properties (1) and (2), the non-satisfaction of

property (3), and finally show the effect on consumer surplus. From (F5) we know

that d[p2(∂x2/∂p1)]/dp2 < 0 and ∂[c2(x2)(∂x2/∂p1)]/∂p2 ≥ 0 imply ∂2π2/∂x1∂x2 < 0,

i.e., outputs are strategic substitutes. Thus,

Lemma 8: if d[p2(∂x2/∂p1)]/dp2 < 0 and ∂[c2(x2)(∂x2/∂p1)]/∂p2 ≥ 0 property (1)

is satisfied if firm 2’s response to ∆p1 > 0 is to reduce its price, i.e., σ1 = ∂p2/∂p1 < 0.

Satisfaction of property (2). There are two ways in which σ1 affects π1. On the one

hand, it affects p1 through the impact that the fall in p2 has on π1. Clearly, ∂p2/∂σ1 > 0

(from proposition 8) and σ1 = ∂p2/∂p1 < 0 (from lemma 8) imply that there must

be such a fall in p2 with respect to the case where σ1 = 0. Then, because goods are

complements we know that ∂π1/∂p2 < 0 and so π1 must go up. On the other hand, it

is possible in principle that when firm 1’s price changes due to a positive σ1, its profit

is affected as well. However, given that in equilibrium dπ1/dp1 = 0, we know from the

envelope theorem that firm 1’s output adjustment to σ1 does not affect its profit.
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Non-satisfaction of property (3). There are two ways in which σ1 affects π2. On the

one hand, we know that ∂p1/∂σ1 < 0 (from proposition 8), σ1 < 0 (from lemma 8), and

given that goods are complements we also know that ∂π2/∂p1 < 0. Then, π2 must fall.

On the other hand, due to the envelope theorem, we have again that firm 2’s own output

adjustment to σ1 does not affect its profit.

Finally, let us look at the effect that a σ1 < 0 has on consumer surplus. From (12)

we get that the the differentiation of the consumer surplus with respect to prices is

∂CS/∂p = u0 (x) ∂x/∂p − x − p∂x/∂p. Moreover, using (12), the demand and inverse

demand functions can be solved from the first-order conditions of utility maximization,

u0 (x) =p. Then, we get ∂CS/∂p = −x. So the effect of σ1 on consumer surplus is

∂CS

∂σ1
= −x1

∂p1
∂σ1
− x2

∂p2
∂σ1

. (G1)

Using the demand function (2) at σ1 = σ2 = 0 we get ∂2π2/∂p1∂p2 = r/(b1b2 − r2)

and d2π2/dp
2
2 = −2b1/(b1b2 − r2). Replacing them into (F4) and then into (G1) and

rearranging we get
∂CS

∂σ1
= −

µ
x1 +

0.5x2r

b1

¶
∂p1
∂σ1

. (G2)

Given that good are complements we have from proposition 8 that ∂p1/∂σ1 < 0 and

so from (G2) we get that, at the Bertrand equilibrium, ∂CS/∂σ1 > 0 if and only if

(x1 + 0.5x2r/b1) > 0. By using (4b) it is straightforward to see that this inequality is

equivalent to b2(4b1b2−3r2)(a1−c1)−r3(a2−c2) > 0, which, given r < 0 (complements),

is positive. So we conclude that, in the Bertrand equilibrium, ∂CS/∂σ1 > 0.
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